In this work, we developed the distribution theory of concomitants of record values arising from the Morgenstern type bivariate Lindley distribution and derived best linear unbiased estimator (BLUE) of parameter associated with the study variate involved in it are generated. The efficiencies of the BLUE with respect to the unbiased estimator are also evaluated in this work.
Introduction
The idea of introducing mixture distribution is one of the important way to obtain new probability distributions in applied probability and several research areas. Lindley (1958) proposed a new distribution to establish the difference between fiducial distribution and posterior distribution and its probability density function (pdf) is given by, h(x; σ) = σ 2 1 + σ
(1 + x)e −σx ; x > 0, σ > 0.
(1) Clearly h(x; σ) is a mixture of exponential (θ) and gamma (2,θ) distributions. Ghitany et al. (2008) studied various properties of Lindley distribution and proved that the advantages of Lindley distribution compared to the exponential distribution using real life data sets. Sankaran (1970) developed a distribution known as the Poisson-Lindley distribution using Lindley distribution as the mixing distribution of a Poisson parameter. Zakerzadeh and Dolati (2009) have obtained a generalized Lindley distribution and elucidated its various properties and applications. Ghitany et al. (2013) and Nadarajah et al. (2013) have recently proposed two parameter extensions of the Lindley distribution named as the generalized Lindley and power Lindley distributions respectively. A discrete form of Lindley distribution was introduced by Gomez and Ojeda (2011) by discretizing the continuous Lindley distribution. Nedjar and Zehdoudi (2016) introduced gamma Lindley distribution and studied its important properties. Location parameter extension of Lindley distribution is extensively discussed by Monsef (2015) . Shibu and Irshad (2016) proposed an extended version of generalized Lindley distribution and showed that it includes all the existing Lindley models. Another extension of generalized Lindley distribution is elaborately elucidated by Irshad and Maya (2017) . Also Maya and Irshad (2017) introduced generalized Stacy-Lindley mixture distribution and thoroughly studied its reliability properties. But only few bivariate Lindley models are available in the existing literature. However the articles of Zakerzadeh and Dolati (2009) and Vaidhyanathan and Varghese (2016) threw some light on this area. Hence in this paper our prime objective is to introduce a bivariate Lindely distribution using Morgenstern approach.
Morgenstern Family of Distributions
When we consider a model corresponding to a bivariate data, the previous knowledge is in the form of marginal distributions, it is one merit to select families of bivariate distributions. Morgenstern Family of Distributions (MFD) are constructed by specified univariate distribution functions F W (w) and F Z (z) of random variables W and Z respectively and a dependence parameter φ. A bivariate random vector (X, Y ) is said to possess a Morgenstern type bivariate distribution if its cumulative distribution function cdf F (w, z) can be represented in the form,
where F W (w) and F Z (z) are the univariate distribution functions of the random variables W and Z respectively. The class of all bivariate distributions with cdf F (w, z) holding a representation of the form (2) is called in the literature as Morgenstern Family of Distributions (MFD). The joint pdf corresponding to the cdf defined in (2) is given by,
where f W (w) and f Z (z) are the pdf's corresponding to the marginal random variables W and Z respectively.
Let X 1 , X 2 , ... be independent sequence of samples coming from a population. An observation X j will be called an upper record value if its value exceeds that of all preceding observations. Thus X j is a record if X j > X i , ∀ i < j. The first observation X 1 is taken as the initial record R 1 . The next record R 2 is the observation following R 1 which is larger than R 1 and so on. The records R 1 , R 2 , · · · as defined above are sometimes referred to as the sequence of upper records. In a very similar manner, an observation X j will be called a lower record value if its value is less than that of all preceding sample values.
Statistical dealing based on Record values are of very much importance in several real world situations involving weather, economic and sports data. The statistical study of record values started by Chandler (1952) and has now spread in different areas. For a detailed discussion on the developments in the theory and applications of record values, one can refer Arnold et al. (1998) , Nevzorov and Balakrishnan (1998) and Ahsanullah (1995) .
Suppose (W 1 , Z 1 ), (W 2 , Z 2 ), · · · be a sequence of bivariate observations from a population. Let R n denote the n th upper record corresponding to the W variable. Then the random variable which occur together as a Z component in the ordered pair with W component equal to R n is termed as the concomitant of the n th upper record and it may be denoted by R * [n] . Let L n denote the n th lower record with respect to the W variable. Then the random variable which occur together as a Z component in the ordered pair with W component equal to L n is termed as the concomitant of the n th lower record and may be denoted by L *
[n] . The study of concomitants of records was started by Houchens (1984) .
The role of concomitants of record values arise in many ways for studying bivariate situations. Suppose things are to be selected based on the measurement of an one variable Z whose high value is desirable, but it is not easy to measure. Suppose a variable W which is associated to Z is easily measurable. So the things are measured on the basis of the variable W and only those W variable having higher (or smaller) than all preceding values on W qualify to be measured for their Z values. Then the resulting samples made on Z are called record concomitants. In similar way one can find many examples where concomitants of record values are useful. In this paper, our study based on concomitants of upper record values only.
Let R *
[n] be the concomitant of the n th upper record value. Houchens (1984) derived the pdf f *
[n] (z) of R * [n] arising from the MFD with cdf defined in (2) is given by
where f 2:2 (z) is the probability density function pdf of the largest order statistic Z 2:2 of a random sample of size two drawn from the marginal distribution of random variable Z. Beg and Ahsanullah (2004) derived the joint pdf of R * [m] and R * [n] for m < n and is given by ,
Using (4), we obtain the equation for the k th moment of the concomitant of n th upper record value and is given by,
where
Now the product moment of concomitants of m th and n th upper record values can be obtained explicitly by using (5) and is given by
Development of the theory and applications of concomitants of record values makes a very rich source of mathematical results which are useful for the study of bivariate distributions.
Hence in this study our aim is to develop a bivariate version of one parameter Lindley distribution which is a member of well known Morgenstern family introduced by Morgenstern (1956) , called it as Morgenstern type bivariate Lindley distribution (MTBLDD). The distribution theory of concomitants of record values arising from the MTBLDD have been derived and obtain BLUE of σ 2 involved in MTBLDD. The efficiency comparison of the proposed BLUE with usual unbiased estimator of σ 2 based on the concomitants of largest upper record values are also made in this paper.
Morgenstern Type Bivariate Lindley Distribution
A bivariate random variable (W, Z) is said to possess a Morgenstern type bivariate Lindley distribution (MTBLDD), if its pdf is given by,
The corresponding cdf is given by
Clearly the marginal distributions of W and Z variables are univariate Lindley distributions with probability density functions (pdfs) are respectively given by
and f Z (z) = 1 2σ2 1 + z σ2 e − z σ 2 , if z > 0, σ 2 > 0; 0, otherwise.
Estimation of the parameter σ 2 using concomitants of upper record values
Suppose (W i , Z i ), i = 1, 2, · · · be a bivariate sequence of observations arising from (8 (4) and (5) respectively and are given by
and for m < n,
Using (10) and (11), we get the following.
For n ≥ 1, we have, 
From (12) and (13), we have obtained the covariance between the R * [m] and R * [n] and is given for m < n, by
and for m < n η m,n = 33 32
Using (17), (18) and (19), we have the following. For n ≥ 1,
V ar[R * [n] ] = σ 2 2 η n,n
) denote the vector of concomitants of first n upper record values arising from (8). Then from (20), (21) and (22), we can write,
and the dispersion matrix of R * [n] ,
where ζ = (ζ 1 , ζ 2 , · · · , ζ n ) and H = ((η m,n )). If φ contained in ζ and H are known then (23) and (24) together defines a generalized Gauss-Markov setup and then the BLUE of σ 2 is given byσ
and the variance of σ 2 is given by
From (25), we haveσ 2 is a linear functions of the concomitants of upper records R * [r] , r = 1, 2, · · · , n and henceσ 2 can be written as
, where a r , r = 1, 2, · · · , n are constants.
For numerical illustration, we derived an unbiased estimator of σ 2 , namelyσ 2 based on the largest concomitants of upper record value, which is obtained as Journal home page: http: //www.jafristat.net, www.projecteuclid.org/euclid.as, www.ajol.info 1872
, n ≥ 1 and its variance is obtained as
We have evaluated the numerical values of means, variances and covariances using the expressions (14), (15) and (16) respectively for φ = 0.25(0.25)0.75 and for n = 2(1)9. Using these values we have evaluated the coefficients of R * [n] in the BLUEσ 2 and its variances for φ = 0.25(0.25)0.75 and for n = 2(1)9 and are given in Tables 1 and 2. Also we have computed the ratio V ar(σ2) V ar(σ2) to measure the efficiency of our estimatorσ 2 relative toσ 2 for n = 2(1)10 and φ = 0.25(0.25)0.75 and are also presented in Tables 1 and 2 . From those tables, it is clear that, BLUE of σ 2 performs well compared to the unbiased estimator of σ 2 , namelyσ 2 .
Remark 2.1. In the case of Morgenstern type bivariate Lindley distribution (MT-BLDD) , our assumption about the dependence parameter φ is, it will be known. But sometimes it is not possible. In this situation, our recommendation is to consider a moment type estimator of φ. For that, we have evaluated the correlation coefficient between the two variables of MTBLDD and is given by ρ = 121 448 φ. Also we take the sample correlation coefficient between R i and R *
[i] , i = 1, 2, · · · , n be τ . Now, we have evaluated the moment type estimator of φ namelyφ which is obtained by equating the population correlation coefficient and the sample correlation coefficient, and is given byφ 
